Abstract. We derive from a solvable, discrete velocity model of a nonlinear Boltzmann equation the functional relations between the vehicular density ρ(x, t) and the flux J(x, t) which occurs in a popular traffic model first proposed by Greenshields.
Introduction
Since the pioneering work of Lighthill and Whitham [1] in the early 50's, a large body of research has been devoted to understand the fundamental principles governing the flow of vehicular traffic. Two complementary approaches can be distinguished:
i) a purely microscopic approach in which the individual vehicular interactions are taken into account (see [2] and the references therein), ii) a macroscopic approach which is based on fluid dynamical equations describing the behaviour of a compressible fluid (see [3] and the references therein). The macroscopic description is always based on a continuity equation, (1) ∂ t ρ(x, t) + ∂ x J(x, t) = 0 and completed by a relation between the current J(x, t) and the vehicle density ρ(x, t), which is known in traffic engineering as the fundamental diagram. This relation contains all the dynamic information specific to a particular macroscopic model. Among the various fundamental diagrams which have been explored (see e.g. [2, 4, 5, 6] ), a very simple and popular one is the Lighthill-Whitham equation which is characterised by the form:
where D > 0 is a diffusion constant. Moreover, on the basis of experimental observations, B.D. Greenshields [4] proposed the choice:
where the phenomenological parameter V max is the maximum average speed for ρ → 0. Eq. (2) Besides on its qualitative relevance, it is worth remarking that the improved Greenshields model together with eq.(1) is reduced, via the linear transformation (x, t) → (y, τ ) := (x − V max t, t), to
which is directly recognised as the viscous form of the famous Burgers' equation.
Between the purely microscopic and macroscopic levels of description, it is also interesting to explore an intermediate, mesoscopic, level based on Boltzmann-type kinetic equations [7, 8, 9] . This last approach, which is the one adopted in the present note, provides a deeper understanding of the origin and form of the fundamental diagram. In particular, we shall show how the improved Greenshields model can be obtained by following such an approach. Our derivation is based on the use of a solvable nonlinear discrete velocity Boltzmann equation first introduced by Ruijgrok-Wu in [10] . The paper is organised as follows: In section 1, we briefly review the two-velocity model of the Boltzmann equation introduced in [10] . In section 2, we derive the fundamental diagram equation (2) together with Greenshields' relation eq.(3) by using a Boltzmann-type model similar to the one introduced in section 1. In section 3, we discuss the probabilistic background of the derivation and the last section is devoted to some conclusions.
The Ruijgrok-Wu model and its connection to the Burgers' equation
The one-dimensional, nonlinear two-velocity Boltzmann model studied by Th.W. Ruijgrok and T.T. Wu in [10] , to which we shall refer as the RW-model, is of the form:
where (x, t) ∈ R × R + ,f :=f (x, t) andĝ :=ĝ(x, t) are the distribution functions of vehicles with velocities v 1 and v 2 respectively and where α, β and µ are positive constants. As explained in [10] , the model takes into account three velocity exchange mechanisms contained on the right hand side of eqs. (5), namely: Note that the absence of inverse collision of type (a) indicates violation of the detailed balance, which is an intrinsic feature of vehicular traffic [11] . In fact, a fast driver with speed v 2 , say, behind a slow one with velocity v 1 < v 2 is slowed down according to (a).
Suppose now (without loss of generality as it will be seen) that v 1 = −v 2 =: γ and that the densities are given by a logarithmic transformation of the form:
for a strictly positive function u := u(x, t) > 0 and two constants a and b. With these assumptions eqs. (5) simplifies to the linear hyperbolic PDE
By the ad-hoc choice of the constants a :=
, eq.(7) reduces to:
x u which is the famous telegraphist equation. The logarithmic transform (L-T) which reduces the non-linear eqs. (5) to the linear telegraphist equation (8) plays a role similar to the well-known Hopf-Cole transformation (H-C), reducing the Burgers' equation to the (linear) heat equation. This observation, thoroughly discussed in [12] , and the central role of the Burgers' equation in Greenshields' model, leads us to emphasize the importance of the RW-model in the traffic context.
Derivation of Greenshields' Model
In this section we show how the improved Greenshields' model:
can be mesoscopically derived. To this aim, we first link the coordinates to the center of inertia:
In this coordinates, the velocities of the vehicles are transformed as
The second step is a diffusive re-scaling of the coordinates of the form
which is accompanied by the normalisation transformation
where c is a dimensionless scaling parameter. The diffusive limit c → 0 (see Ch. VIII in [13] ) corresponds to the transition from a kinetic to a macroscopic description of the traffic. With the coordinates given by (11) and the diffusive re-scaling (13, 14) , the system (5) reads:
The macroscopic variables for the system (15) are the vehicle density ρ := ρ(y, τ ) and the flux J := J(y, τ ) respectively given by: (16) ρ(y, τ ) = f x(y, τ ), t(y, τ ) + g x(y, τ ), t(y, τ ) = 1 c f x(y, τ ), t(y, τ ) +ĝ x(y, τ ), t(y, τ ) ,
By addition of both equations in (15), we immediately have the continuity equation
From eqs. (16) and (17), we have:
Introducing the linear combination of the two equations in the system (15):
and performing a few elementary manipulations of eqs. (19) , we end up with:
To explicitly connect the RW-model with Greenshields equation (9) we introduce the relation:
and the definitions
With these definitions which we discuss below, eq.(21) reduces in the diffusive limit, c → 0, to Greenshields' flux relation:
Discussion
At this point, it is worth-while to comment the physical content of eq.(22). First we see from the fact that the collisions (v 1 , v 2 ) µ −→ (v 1 , v 1 ) steadily increases the density of particles having velocity v 1 , the only possibility to reach an equilibrium is to have a transition imbalance α > β. The derivation of (22) shows that for an equilibrium to exist, the difference of transition rats α − β should read as cµ/2. Note that the constant D as given in (23) 
and using (22), we see that
o /(2α). Let as now also examine the diffusive limit c → 0. For this, consider the piecewise deterministic process solving the stochastic differential equation:
where γ := v0 c and γI(γ 2 t) is a random telegraph process (i.e. a continuous time two states Markov chain) which takes on values in {−γ, +γ} and whose transition rate is given by 2(α 2 + β 2 )/(2c 2 ). The Master equation that can be associated with the Markov process X γ (t), γI(γ 2 t) has the form
where the operator T t is the stochastic semigroup associated with the Markov process X γ (t), γI(γ 2 t) acting on locally bounded and measurable functions φ defined on R × {−γ, γ}. It is defined as
where E x,y is the expectation conditioned on the initial values X γ (0), γI(0) = (x, y). The infinitesimal generator G = dTtφ dt t=0
of the semigroup T t is given by:
These facts discussed in [14] , can be used to determine the system of backward equations describing the Markov process which reads:
where u − (x, t) := T t φ(x, −γ) and u + (x, t) := T t φ(x, γ) for φ of class C 1 . Applying the operators ∂ x , ∂ t to (30), it is seen that both field components u − and u + satisfy the telegraphist equation (25). This probabilistic connection between eq.(25) and stochastic processes was first noticed by [15] and [16] . Due to the central limit theorem (CLT), the random telegraph process defined in (26) converges for c → 0 to a Gaussian white noise and in this limit we can write (26) as: The previous analysis clearly shows that the improved Greenshields' model eq. (3) follows from the mesoscopic model of vehicular traffic given in eqs. (5) and can be understood from a central limit procedure. It is interesting to remark that a few mesoscopic models of Boltzmann type has been derived from microscopic considerations. For example De Masi and Presutti derive the Carleman equation -a special case of a discrete Boltzmann equationfrom a microscopic model where two types of particles evolve on the discrete torus according to independent asymmetric random walks [18] . Rezakhanlou derived discrete Boltzmann equations from microscopic models [19] . In these models particles (vehicles) travel as independent random walks and collide stochastically. The conservation of momentum however -not present in the RW-model -is supposed to hold microscopically. As far as we know, the RW-model has not yet been derived from a microscopic model.
Conclusion
In this note, we have shown how the single-lane traffic model of Lighthill and Whitham with the Greenshields flux assumption can be derived from a simple and exactly solvable mesoscopic model. This model is isomorphic to a discrete twovelocity Boltzmann-type equation (i.e. the RW-model). Among the basic features of the RW-model, the absence of detailed balance is particularly well suited to model traffic problems. As the RW-model can be seen as an exactly solvable generalisation of the Burgers' equation, it offers a simple and relevant model to be used in traffic theoretical contexts.
